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In this study, we aim to compare the optimal homotopy analysis solution with the exact solution
of thermoelastic interactions problem in isotropic media. The thermoelastic interactions in a semi-
infinite medium in the context of the theory of generalized thermoelasticity with one relaxation time
(Lord and Shulman’s theory) is considered. The mathematical model solved by analytical method
and optimal homotopy analysis method (OHAM). In addition, the convergence of the obtained HAM
solution is discussed explicitly. Numerical results for the temperature distribution, displacement and
thermal stress represented graphically. The accuracy of the OHAM validated by comparing between
the analytical and exact solutions for the field quantities.
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1. INTRODUCTION
There are a number of significant problems in engineer-
ing requiring thermal stress analysis. An important class
of problems arises in mechanical engineering and includes
the analysis of machine components subjected to high
temperature environments and large temperature variations
such as in a turbine. Serious attention paid to the gen-
eralized thermoelasticity theories in solving thermoelas-
tic problems in place of the classical uncoupled/coupled
theory of thermoelasticity. The theory of couple thermoe-
lasticity was extended by Lord and Shulman (LS)1 and
Green and Lindsay2 by including the thermal relaxation
time in constitutive relations. The theory was extended for
anisotropic body by Dhaliwal and Sherief.3 During the last
three decades, a number of investigations4–7 have been car-
ried out using the aforesaid theories of generalized ther-
moelasticity. Chandrasekharaiah8 studied one-dimensional
waves in a homogeneous isotropic half-space due to sud-
den inputs of temperature and stress/strain on the boundary
by employing the Laplace transform method in the con-
text of thermoelasticity without energy dissipation. Abbas
et al.9–20 applied the finite element method in different ther-
moelasticity problems. Recently,21–23 variants problems in
waves are studied. Other forms are described for example
in the Refs. [24–26].
The homotopy analysis method (HAM) is a one of

the new analytical techniques, which has attracted special

∗Author to whom correspondence should be addressed.

attention of researchers, as it is both flexible in applying
and give sufficiently accurate results with modest effort.
The HAM was first introduced by Liao.27 He used the
basic ideas of homotopy in topology to obtain an ana-
lytical method for solving various nonlinear problems.
This method gives a simple way to ensure the conver-
gence of the solution series. Moreover, the homotopy anal-
ysis method contains the non-perturbation methods such
as Adomian’s decomposition method,28 Lyapunov’s artifi-
cial small parameter method,29 and homotopy perturbation
method.30

Recently, many authors have been used HAM in a wide
variety of scientific and engineering applications to solve
different types of differential equations: linear and nonlin-
ear, homogeneous and non-homogeneous.31–33

In this paper, we will adopt the homotopy analysis
method (HAM), for solving two coupling equation which
arises from the generalized thermoelastic interactions in a
semi-infinite medium.

2. INTRODUCTION TO THE BASIC IDEA
OF HAM

If we have a nonlinear differential equation in form

R�u�x��= 0 (1)

Where R is a nonlinear operator, x is an independent vari-
able and u�x� is the solution of the equation. The homo-
topy analysis method is based on a kind of continuous
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mapping u�x� → ��x�p� such that, as the embedding
parameter p increases from 0 to 1, ��x�p� varies from the
initial guess u0�x� to the exact solution u�x�, where, p ∈
�0�1� denote the so-called embedding parameter and u0�x�
satisfies the boundary or the initial conditions. Using the
generalized homotopy method, Liao’s so-called zero-order
deformation Eq. (1) will be:

�1−p�L���x�p�−u0�x��= �pH�x�R���x�p�� (2)

where � is the auxiliary parameter, which helps us to
increase the convergence results, H�x� is the auxiliary
function and L is the linear operator. Introducing the Tay-
lor series expansion of ��x�p� with respect to p as fol-
lows:

��x�p�= u0�x�+
�∑

m=1

um�x�p
m (3)

and

um
0 �x�=

�m��x�p�

�pm

∣∣∣p=0 (4)

where um
0 �x� is called the mth-order of deformation deriva-

tion which reads:

um�x�=
um
0 �x�

m! = 1
m!

�m��x�p�

�pm

∣∣∣p=0 (5)

Now we define the vector �um = 	�u1� �u2� �u3� 
 
 
 � �un�.
According to the definition in Eq. (5), the governing equa-
tion and the corresponding initial and boundary conditions
of um�x� can be deduced from zeroth-order deformation
Eq. (2). Differentiating Eq. (2) for m times with respect to
the embedding parameter p and setting p = 0 and finally
dividing by m!, we will have the so-called mth-order defor-
mation equation in the form,

L�um�x�−�mum−1�x��= �H�x�Z��um−1� (6)

where

Z��um−1�=
1

�m−1�!
�m−1R���x�p��

�pm−1

∣∣∣p=0 (7)

and

�m =
⎧⎨
⎩
0� m≤ 1

1� m > 1

By applying inverse linear operator to both sides of the lin-
ear Eq. (6), we can easily solve the equations and compute
the generation constant by applying the initial or boundary
conditions.

3. FORMULATION OF THE PROBLEM AND
THE BASIC EQUATIONS

In the context of the LS-theory, the field equations for
linear equations governing thermoelastic interactions in a
linear, homogenous and isotropic thermoelastic continuum,

the generalized field equations can be presented in a uni-
fied form as1


�2ui

�t2
= ��+��uj�ji+�ui�jj −�T�i+Fi (8)

The equation of heat conduction

KT�ii =
(
�

�t
+ �0

�2

�t2

)(
ceT +�T0

�uj�j

�t
−Q

)
(9)

The constitutive equations are given by

�ij = �ui�j�ij +��ui�j +uj�i�−��T −T0��ij (10)

Let us consider a homogeneous, isotropic, thermoelas-
tic solid, occupying the region x ≥ 0 where the x-axis
is taken perpendicular to the bounding plane of the half-
space pointing inwards. It assumed that the state of the
medium depends only on x and the time variable t. It is
assumed that there are no body forces and heat sources in
the medium and that the plane x= 0 is taken to be traction
free. Thus, the field Eqs. (8)–(10) in a one-dimensional
case take the form:

��+2��
�2u

�x2
−�

�T

�x
= 

�2u

�t2
(11)

�2T

�x2
=

(
�

�t
+ �0

�2

�t2

)(
ce
K

T + �T0
K

�u

�x

)
(12)

�xx = ��+2��
�u

�x
−��T −T0� (13)

where c2 = ���+2��/��� and � = ��K�/�ce�� for con-
venience, we shall use the following non-dimensional vari-
ables:

�x�� u�� = c

�
�x�u�� T � = T −T

T0
�

�t�� t�o� =
c2

�
�t� to�� ��

xx =
�xx
�

Into Eqs. (11)–(13), one may obtain (after dropping the
superscript � for convenience)

�2u

�x2
−�1

�T

�x
= �2u

�t2
(14)

�2T

�x2
=

(
�

�t
+ to

�2

�t2

)(
T +�2

�u

�x

)
(15)

�xx = �1

�u

�x
−�2T (16)

where �1 = ��c2�/����, �2 = ��T0��/����, �1 = ��T0��/
�c2��, �2 = ����/�ce��, in which � = �3�+2���t .
The non-dimensional forms of the boundary condition

are:

�xx�0� t� = 0� T �0� t�= T1 e
−�t�

u�x� t�	x→� = 0� T �x� t�	x→� = 0 (17)

where � is an exponent of the decayed heat flux.
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4. METHODS OF SOLUTION
Solution of the physical variables can be decomposed in
the following form:

�u� T � �xx��x� t�= �u� T � �xx��x�e
�t (18)

where � is the angular frequency. Hence, we obtain the
following system of differential equations

d2u

dx2
−�2u−�1

dT

dx
= 0 (19)

d2T

dx2
− ��+ �0�

2�

(
T +�2

du

dx

)
= 0 (20)

�xx = �1

du

dx
−�2T (21)

with the boundary conditions

�xx�0� = 0� T �0�= T1 e
−��+��t

u�x�	x→� = 0� T �x�	x→� = 0 (22)

Now, we will solve the reduced problem Eqs. (19)–(22) to
get the exact solution and the homotopy analysis solution.

4.1. Exact Solution
Eliminating T from the Eqs. (19) and (20) we get

d4u

dx4
− ��1+�3+�2�4�

d2u

dx2
+�1�3u= 0 (23)

where �1 = �2, �2 = �1, �3 = �+ �0�
2, and �4 = �2�3.

The solutions of Eq. (23) bounded at infinity and can
be written in the form:

u= A1e
−m1x +A2e

−m2x (24)

where A1 and A2 are parameters depending on � to be
determined from the boundary conditions, m1 and m2 are
the roots with positive real parts of the following charac-
teristic equation

m4− ��1+�3+�2�4�m
2+�1�3 = 0 (25)

where m1 and m2 are given by

m1 =
√

1
2

[
�1+�3+�2�4+

√
��1+�3+�2�4�

2−4�1�3
]

m2 =
√

1
2

[
�1+�3+�2�4−

√
��1+�3+�2�4�

2−4�1�3
]

Using Eq. (24) into Eqs. (19) and (20), the expression for
temperature can be written in the form

T = B1e
−m1x +B2e

−m2x (26)

where Bi = �iAi, �i = ���1 + �2�4 − m2
i �/��2�3��mi,

i = 1�2.

Substituting from Eqs. (25) and (26) into Eq. (21), we
obtain

�xx = −��1m1+�2�1�A1e
−m1x

− ��1m2+�2�2�A2e
−m2x (27)

From the boundary conditions (22), it follows that

A1 =
T1 e

−��+��t ��1m2+�2�2�

��1m2+�2�2��1− ��1m1+�2�1��2

A2 =− ��1m1+�2�1�

��1m2+�2�2�
A1

4.2. The HAM Solution of the Problem
For HAM solutions of the governing Eqs. (19) and (20),
we will choose the initial approximations of u and T (sat-
isfy the boundary conditions) as follow:

u0 = −�1Ts e
−x (28)

T0 = Ts e
−x (29)

where Ts = T1 e
−��+��t , and the auxiliary linear operators

are

L1�u�=
d2u

dx2
−�2u� L2�T �=

d2T

dx2
−�2T (30)

these auxiliary linear operators satisfy:

L1�c1e
�x + c2e

−�x�= 0 (31)

L2�d1e
�x +d2e

−�x�= 0 (32)

where c1� c2�d1 and d2 are constants.
Introducing a non-zero auxiliary parameter �, we

develop the zeroth-order deformation problems as follow:

�1−p��L1�u�x�p��−L1�u0�x���= �pN1�u�x�p�� (33)

�1−p��L1�T �x�p��−L1�T0�x���= �pN2�T �x�p�� (34)

with the boundary conditions:

�xx�0�p� = 0� T �0�p�= Ts

u�x�p�	x→� = 0� T �x�p�	x→� = 0 (35)

where the operators, N1�u�x�p�� and N2�T �x�p� are
defined as:

N1�u�x�p�� =
d2u�x�p�

dx2
−�2u�x�p�

−�1

dT �x�p�

dx
(36)

N2�T �x�p�� =
d2T �x�p�

dx2
− ��+ �0�

2�

×
(
T �x�p�+�2

du�x�p�

dx

)
(37)
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Fig. 1. �-curves for the displacement are plotted for 5th, 7th and 9th-
order of approximation when t = 0
1� �o = 0
02.

When p increases from 0 to 1, u�x�p� and T �x�p� vary
from u0�x� and T0�x� to u�x� and T �x� respectively. Using
Taylor’s theorem u�x�p� and T �x�p� can be expanded in
a power series of p as follows:

u�x�p� = u0�x�+
�∑

m=1

um�x�p
m (38)

T �x�p� = T0�x�+
�∑

m=1

Tm�x�p
m (39)

Differentiating the zeroth-order deformation Eqs. (33),
(34), m times with respect to p and then dividing them
by m! and finally setting p = 0, we have the following
mth-order deformation problem:

L1�um�x��−�mL1�um−1�x��= �pRm�x� (40)

L1�Tm�x��−�mL1�Tm−1�x��= �pZm�x� (41)

Fig. 2. �-curves for the temperature are plotted for 5th, 7th and 9th-
order of approximation when t = 0
1� �o = 0
02.

Table I. The optimal values of � at 9th-order approximation for the
displacement.

�0 t Optimal values of � Minimum values of �

0.02 0
1 −1
15022 −2
15111∗10−12

0
2 −1
15034 −1
15933∗10−12

0.2 0
1 −0
975707 −3
5612∗10−13

0
2 −0
973794 −1
97716∗10−13

where Rm�x� and Zm�x� are recurrence formulae define as
follow:

Rm�x� =
d2um−1

dx2
−�2um−1−�1

dTm−1

dx
(42)

Zm�x� =
d2Tm−1

dx2
− ��+ �0�

2�

(
Tm−1+�2

dum−1

dx

)
(43)

with the boundary conditions:

�um�0�
�x

= 0� Tm�0�= 0�

um	x→� = 0� Tm	x→� = 0
(44)

We use MATHEMATICAL software to obtain the solu-
tion of these equations. The first and second solutions of
the coupled equations are presented as follow:

u1 =
�1�Ts�

��2−1�
�e−wx − e−x��� (45)

T1 =−((
Tse

−�1+��x�ex − e�x�
[
��1+�1�2�

× �1+��0�−1
]
�
)
/��2−1�

)
(46)

u2 =
1

2���2−1�2
�1e

−�1+��xTs��e
x�2�2��2−1�

+ �−1+��1+x+�1�2�1+�2+��−1+�2�x�

× �1+��0�+��−3−x+ �0+��1+�2x�0

−x�1+ �0�+��2+x+ �0�������−2e�x

×��−�+���+�1�2�+���2−1+ ��2−1+ �0

+�1�2�0������ (47)

T2 =
1

2��2−1�2
e−�1+��xTs��2e

�x���2−1�

× �−1+ �1+�1�2���1+��0��+ �1+��1+��0�

Table II. The optimal values of � at 9th-order approximation for the
temperature.

Optimal Minimum
�0 t values of � values of �

0.02 0
1 −0
998684 −3
5271∗10−6

0
2 −0
998685 −1
93572∗10−6

0.2 0
1 −0
845598 −5
62515∗10−7

0
2 −0
845594 −3
08713∗10−7

4 J. Comput. Theor. Nanosci. 11, 1–8, 2014
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Fig. 3. Variation of temperature at �o = 0
02.

× ��−2+�2�0+�1�2�−1+��1+�+��0������

− ex�2�−1+�2��−1+ �1+�1�2���1+��0��

+ �2+x+��−2�2+x�+��2− ��−2��x�

− ��−1��−4�+ ��−1�2�1+��x��0+�2�2�

+ ��2−1�x��2
0 +�1�2�1+��0��−2−x

+��2+��2+x�+ �2�+ ��2−1�x��0������� (48)

The higher solutions of um�x� and Tm�x� are too long to
be mentioned here.
To determine the auxiliary parameter � the so called

�-curves and optimization method are used. In the
optimization method, the optimal convergence control
parameters by minimum of the square residual error inte-
grated in the whole region.
Let ���� denote the square residual error of the govern-

ing Eqs. (19), (20) and express as

����=
∫ �

0
�N �u�T ��2dx (49)

The optimal value of � is given by solving a nonlinear
algebraic equation

d����

d�
= 0 (50)

Fig. 4. Variation of displacement at �o = 0
02.

Fig. 5. Variation of radial stress at �o = 0
02.

4.3. Convergence of HAM Solution
It is noticed that the solutions (45–48) contain the auxiliary
parameter �. As pointed out by Liao,16 the convergence
region and rate of approximations given by the HAM are
strongly dependent upon �. The proper values of � can be
determined by means of the so-called �-curve. Figures 1
and 2 show the variations of uxx�0� and Tx�0� with �

using three different order of HAM approximation. These
figures reveal that convergent results can be obtained by
choosing a value for � in the range �−1
30�−0
7� for the
displacement and in the range �−1
70�−0
5� for the tem-
perature. The optimal values of � for the displacement and
the temperature with different time and relaxation time are
shown in Tables I and II.

5. NUMERICAL RESULTS AND DISCUSSION
In order to illustrate the problem, the copper material was
chosen for purposes of numerical evaluations. The physical
data which given as Ref. [34]

� = 7
76×1010 �kg��m�−1�s�−2

� = 3
86×1010 �kg��m�−1�s�−2� T0 = 293 �K�

K = 3
68×102 �kg��m��K�−1�s�−3

Fig. 6. Variation of temperature at t = 0
4.

J. Comput. Theor. Nanosci. 11, 1–8, 2014 5
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Fig. 7. Variation of displacement at t = 0
4.

ce = 3
831×102 �m�2�K�−1�s�−2� T1 = 1

 = 8
954×103 �kg��m�−3� �t = 17
8×10−6 �K�−1

�o = 0
02� �= 2+ i

The results for displacement, temperature and stress has
been carried out by taking �= 3. Figures 3–5 exhibit the
variation of the temperature, displacement and stress with
space x for different values of time (t = 0
1�0
2�0
3�0
4).
It is obvious from Figure 3 that the temperature decreases
with the increase of the space but they increase when
increasing the time. It is obvious from Figure 4 that the
displacement increases from the negative value to a pos-
itive value. In the positive values, the displacement has a
peak value that depends on the values of the time. It is
obvious from Figure 5, which gives the stress variation
at different instants of time with the space. Its magni-
tude increases from zero to a maximum value after that
decreases rapidly as x increases. The thermal relaxation
time �o has a great effect on the distribution of tempera-
ture, displacement and stress as in Figures 6–8.
Finally, Figures 3–8 illustrates the solution obtained

by homotopy analysis method overlaid onto the solution
obtained exactly. The accuracy of the homotopy analysis

Fig. 8. Variation of redial stress at t = 0
4.

method was validated by comparing the analytical and
homotopy solutions for the field quantities.

6. CONCLUSION
In this paper, we have successfully developed HAM for
solving the problem of generalized thermoelastic interac-
tions in a semi-infinite medium. It is apparently seen that
HAM is a very powerful and efficient technique in finding
analytical solutions for wide classes of linear and nonlin-
ear problems.

LIST OF SYMBOLS
 Density of the medium
��� Lame’s constants
ce Specific heat at constant strain
t Time
T Temperature
�t Coefficient of linear thermal expansion
T0 Reference temperature
K Thermal conductivity
�ij Kronecker symbol
�o Relaxation time
�ij Components of stress tensor
ui Components of displacement vector
Q Heat source
Fi Body force vector.
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